This paper presents a simple theory for the calculation of micelle size and other properties of micelleforming systems. The theory is based on the separate estimation of the components of the free energy arising from hydrophobic attraction and from head group repulsion, each as a function of micelle size. The difficult problem of an a priori calculation of the repulsive factor is circumvented by using experimental values of this parameter, derived from pressure-area curves of monolayers at an interface between an aqueous solution and liquid hydrocarbon. Though some parameters of the theory are still somewhat uncertain, self-consistent and physically realistic values can be assigned that lead to almost exact prediction of experimental micelle sizes and critical micelle concentrations for two distinctly different ionic detergents.
The self-association of amphiphilic molecules or ions in aqueous solution to form micelles is governed by two opposing forces. The hydrophobic force favors expulsion of the hydrophobic tail of the amphiphile from the aqueous medium with formation of a fluid organic droplet that constitutes the micelle core. The polar head groups extend into the aqueous medium from this core, and the force of repulsion between them limits self-association to relatively small aggregates. If the free energy changes resulting from these forces can be accurately estimated as a function of micelle size, all aspects of the process of micelle formation should be susceptible to quantitative prediction, and the objective of this paper is to demonstrate that a simple theoretical treatment of this problem is indeed feasible. In the theory, as here developed, there are still parameters that cannot be calculated exactly, but the reasons are technical, not conceptual. The range of possible values for the unknown parameters is small, and selfconsistent estimates lead to correct prediction of the micelle size and critical micelle concentration for two ionic micelles with significantly different properties.
The model used as the basis for the calculations has been presented in a previous paper (1) . Its critical feature is the recognition that one dimension of the hydrophobic core of a micelle cannot exceed the length of two fully extended hydrocarbon chains, and in fact must be less than this if the chains are to have the flexibility appropriate for a fluid core. With this restriction, experimentally observed micelle aggregation numbers are incompatible with a spherical shape, and the simplest possible model is an ellipsoidal one. The previous paper showed that the surface area per amphiphile in an ellipsoidal micelle inevitably decreases as the micelle aggregation number increases. This is then the factor that determines optimal size and shape in terms of the opposing influences of hydrophobic and repulsive forces. The hydrophobic force seeks to minimize the surface area so as to avoid hydrocarbonwater contacts; the repulsive force seeks to maximize surface area so as to keep the head groups far apart.
The essential features of the procedure to be followed are thus calculation of surface areas as a function of micelle size, and expression of both hydrophobic and repulsive components of the free energy in terms of surface area. Two distinct areas are required, one (AH) being the area of contact between solvent and the surface of the hydrophobic core, the other (AR) being the area at an appropriate distance beyond the core surface, where the head groups are located. Both AH and AR will be used to designate areas per constituent monomer molecule, i.e., they represent total areas calculated from the model, divided by the aggregation number. (12) . method used for measuring the cmc, but is usually a few percent of X1. If the micelle size in a more concentrated solution is desired, a larger value of ZXm would be sought. In either event, if ZXm does not have the desired value, the calculation is repeated with a proportionally higher or lower value of Xm*. Unless the micelle size distribution varies dramatically with micelle size ZXm should be proportional to Xm* and no further iteration of the calculation should be needed.
CALCULATION OF AGmo
As previously noted, AGm' is the sum of two components, A/Gm = AUm" + Wm [3] AUm. is the purely hydrophobic component, representing the free energy of transfer of the hydrocarbon tail of the amphiphile from water to the hydrophobic core of the micelle, and Wm is the head group component, reflecting the free energy arising from repulsion between head groups. Both are to be expressed as a function of surface area, in terms of the ellipsoidal model. The ellipsoid may be either a prolate or an oblate spheroid, and the dimensions are in either case uniquely fixed by three parameters (1): the number of carbon atoms (nc) of the hydrocarbon chain; the ratio of the semi-minor axis (b)
of the ellipsoid to the maximal extension (lmax) of the hydrocarbon chain; and the value of m. We have set b/lmax = 0.75, a value appropriate for flexible hydrocarbon chains with nc in the range of interest. The results turn out to be quite insensitive to this parameter. The choice between a prolate and oblate ellipsoid does have a significant influence, the more so as m increases, but the free energy of each can be calculated independently so that the results automatically tell us which is the more stable shape. To express AUm' as a function of AH, it should first be noted that the free energy gained by incorporation of hydrocarbon chains of any length into bulk liquid hydrocarbon is accurately known from existing experimental data. The free energy for complete immersion of a hydrocarbon chain in the interior of a micelle is somewhat less than this because proximity of the surface to all parts of the core restricts the freedom of motion, but reasonable estimates can again be made on the basis of experimental data (3, 5 [4] where 33 cal/mole per k2 of exposed surface area is the empirical factor given by Hermann (6) and AUC, is the free energy of complete immersion of the alkyl chain in the micelle interior, which we take to be independent of m. There is a minor Thermodynamics of Micelle Formation difficulty in the estimation of AH. If the surface of the hydrophobic core were perfectly smooth, AH would (following the procedure of Hermann) be the area per amphiphile at a distance of 1.5 A outside the model ellipsoid. For globular micelles, however, the head groups are actually quite far apart, and this is bound to prevent perfectly close contact between the hydrocarbon chains at the point of emergence from the core surface. It is therefore likely that the core surface is actually "rough" (8) , with peaks and troughs that presumably are in a state of fluctuation if the hydrophobic core is liquidlike. The smooth surface of the appropriate ellipsoid would represent a time-averaged surface, but the instantaneous surface of contact with solvent would be larger, as is illustrated by Fig. 1 . The simplest way to incorporate this roughness factor in the model is to equate AN with the smooth area at a distance greater than 1.5 A from the smooth core surface: the actual calculations below will show that the correction required is not large.
To obtain an expression of Wm as a function of AR is more difficult, even for ionic micelles, where the repulsion is assumed to be electrostatic (9-11). We have here attempted to circumvent this difficulty by obtaining the repulsive free energy from experimental data derived from pressure-area curves of amphiphile monolayers at hydrocarbon-water interfaces. The hydrophobic effect plays no role in determining the surface pressure in these experiments, because, in contrast to the situation at an air-water interface, the hydrocarbon tails of the amphiphiles are completely removed from water at all surface concentrations. The pressure-area curves are thus uniquely determined by the repulsion between head groups. In accord with this expectation, the pressure-area curves used in the calculations of this paper [determined by Brooks and Pethica (12) ] were found to depend on the nature of the amphiphile head group, but not on the length of the hydrocarbon chain. To obtain Wm from plots of surface pressure H versus molecular area A we have assumed that HA = kT for ideal compression §. The data are fitted to a virial equation and the free energy of compression from a very large HA/kT = 1 + B/A + C/A2 +..
tains the tacit assumption that curvature affects dWm/dm to the same extent as it affects W., and this may be incorrect.
RESULTS
Application of the theory is limited by the availability of appropriate surface monolayer studies. The results presented here are based on the pressure-area relationships for n-alkyltrimethylammonium ion and n-alkylsulfate ion at the interface between 0.1 M NaCl and n-heptane, at 20°, determined by Brooks and Pethica (12) . Identical results were obtained for C12 and C,8 alkyl chains. Fig. 2 shows the W values calculated from these data by the procedure described above. They have been used to calculate the properties of micelles formed by the corresponding dodecyl salts in 0.1 M NaCl. This system provides a good test for the theory because accurate experimental data for these two ionic micelles are available (13), and they are found to differ considerably in micelle size and cmc (see Table 1 ) despite having alkyl chains of the same length. Calculations were made for both prolate and oblate ellipsoids. The latter prove to be more stable for these particular systems and only the results for the oblate ellipsoidal model are presented. The parameter nc has been set equal to 11, since a CH2 group adjacent to a polar group has little if any hydrophobicity (3) . Other CH2 groups close to the polar head group are likely to be incompletely incorporated in the micellar core, but no specific provision for this needs to be made since this factor is taken care of in the "rough surface" feature of the model. Fig. 3 shows the determination m* by use of Eq. 2. Since the surface roughness factor is determined by the separation between head groups, but not by the repulsive force per se, the distance at which AH is calculated has to be the same for both detergents. Calculations are shown for AH at 2.5 and 3.0 A beyond the smooth model surface. The location of charges on the other hand should differ for the two detergents, since the extra oxygen atom in the sulfate head group increases the distance between the center of charge and the hydrophobic core (3, 14) . Bond lengths alone suggest that the NMe3+ group should be at a distance of about 2 A from the [5] area (A x) to any given area A is calculated from the integral fAdH between these limits. The ideal free energy (per mole of amphiphile) is RT ln(A ./A) and subtraction of this from the experimental integral gives the contribution arising from repulsion between the head groups as W/RT = 2B/A + 3C/2A2+... [6] In applying the values of W obtained in this way to the situation at a micelle surface another small difficulty arises because repulsion at a curved surface will generally be less than that at a planar surface, even after the effect of curvature on the separation between head groups has been taken into account. In the calculations below we have equated AR (calculated at the physically correct distance from the ellipsoid surface) with A of Eq. 6, and have then applied a constant multiplying factor to convert TW to Tm. This procedure con- 
